A relationship between real, complex, and quaternionic vector fields on spheres is given by using a relationship between the corresponding standard inner products. The number of linearly independent complex vector fields on the standard (4n − 1)-sphere is shown to be twice the number of linearly independent quaternionic vector fields plus d, where d = 1 or 3.
Introduction
Let F be one of the associative division algebras over R, namely, the real numbers R, the complex numbers C = {a + bi : a, b ∈ R}, or the quaternionic numbers H = {a + bi + cj + dk : a, b, c, d ∈ R}, with the usual norm and conjugation operations. For each n ∈ N, we consider F n as a right inner product space over F with the usual multiplication and the standard F-inner product | F : F n × F n → F given by (x 1 , . . . , x n )|(y 1 , . . . , y n ) F = n m=1x m y m . Let S(F n ) = {x ∈ F n : x|x F = 1} be the standard unit sphere in F n . An F-vector field on S(F n ) is a continuous function v : S(F n ) → F n − {0} such that x|v(x) F = 0 for each x ∈ S(F n ). Given m such F-vector fields v 1 , . . . , v m on S(F n ), we say that they are linearly independent if the vectors v 1 (x), . . . , v m (x) are linearly independent over F for all x ∈ S(F n ). Let ρ F (F n ) denote the maximal number of linearly independent F-vector fields on S(F n ). The vector fields on spheres problem has two sides: the first side is what we call the maximal number problem, namely, the computation of ρ F (F n ), the second side is what we call the construction problem, namely, the actual construction of ρ F (F n ) linearly independent F-vector fields on S(F n ). The roots of this classical problem goes back to the hairy ball theorem, the parallelizability of spheres, and the classification of division algebras over R. For background materials on this problem, we refer the reader to [5, 10] . If n is odd, then one can easily show that ρ F (F n ) = 0. Therefore, unless otherwise indicated, we will assume that n is an even positive integer. An explicit formula for computing ρ R (R n ) was given by Adams [1] in 1962, when he showed that ρ R (R n ) = ρ(n) − 1, where ρ(n) be the Radon-Hurwitz function. While there are no explicit formulas for computing ρ C (C n ) and ρ H (H n ), they still can be obtained by using the work of Adams and Walker [2] in 1965 for the complex case, and the work of Sigrist and Suter [9] in 1973 for the quaternionic case. More direct formulas for computing ρ C (C n ) and ρ H (H n ) are given in Section 3 of this paper.
Our main goal in this paper is to draw more attention to the importance of the construction problem of vector fields on spheres. There are several known methods that explicitly give ρ R (R n ) linearly independent real vector fields on S(R n ) (e.g., see [7, 11] ). The situation is completely different with the construction of complex and quaternionic vector fields; there is no explicit construction that gives two or more linearly independent complex vector fields on S(C n ), and there is no known construction that gives even a single quaternionic vector field on S(H n ). In addition to their self importance, the actual construction of complex and quaternionic vector fields on spheres might lead to the solution of several open problems in the equivairant complex and quaternionic vector fields on spheres (see [6, 8] ).
The layout of this paper is as follows. In Section 2, we present a relation-ship between real, complex, and quaternionic standard inner products. We show how such a relationship leads to a relationship between corresponding real, complex, and quaternionic vector fields on spheres. More specifically, we show how m linearly independent quaternionic vector fields can be used to obtain 2m linearly independent complex vector fields, and how m linearly independent complex vector fields can be used to obtain 2m linearly independent real vector fields. In Section 3, we provide direct formulas for computing ρ C (C n ) and ρ H (H n ), and show that ρ
In Section 4, we give necessary and sufficient conditions on linearly independent real (respectively, complex ) vector fields to be linearly independent complex or quaternionic (respectively, quaternionic) vector fields.
2 A relationship between real, complex, and quaternionic vector fields on spheres
For any positive integer n, let r C :
. . , a n + b n i, d n + c n i), and r H : H n → R 4n be the realification function from H n to R 4n defined by r H = r C • c H . For t ∈ F, let α t : F n → F n be the right multiplication by t , i.e., α t (x) = x · t for each x ∈ F n . The proof of the following lemma is straightforward.
In the following theorem, we give a relationship between real, complex, and quaternionic standard inner products on F n .
Theorem 2.2 Let x, y ∈ C n and v, w ∈ H n . Then
Proof. Without loss of generality, we can assume that n = 1. Then the result follows by using Lemma 2.1 and the definition of the standard inner products.
In the following theorem, we give a relationship between real, complex, and quaternionic vector fields on spheres.
C are real vector fields on S(R 2n ).
(ii) w is a quaterionic vector field on S(H n ) if and only if c H • w • c −1
H are complex vector fields on S(C 2n ).
(iii) w is a quaterionic vector field on S(H n ) if and only if r H • w • r
H , where t ∈ {i, j, k}, are real vector fields on S(R 4n ).
C (x) R = 0. The result follows. Similarly, one can prove (ii) and (iii) by using Theorem 2.2 (ii) and (iii).
are linearly independent real vector fields on S(R 2n ).
(ii) w 1 , . . . , w m are linearly independent quaternionic vector field on S
C (x), and 
Remark 2.7 A unit F-vector field on S(F n ) is an F-vector field on S(F n ) whose image is a subset of S(F n ). m such unit vector fields v 1 , . . . , v m are orthonormal if v s (x)|v t (x) F = δ st for each s, t ∈ {1, . . . , m} and all x ∈ S(F n ). Observe that since the Gram-Schmidt orthonormalization process is continuous, then one can convert m linearly independent F-vector fields on S(F n ) to m orthonormal F-vector fields on S(F n ). Consequently, ρ F (F n ) is equal to the maximal number of orthonormal F-vector fields on S(F n ). Also, one can use Theorem 2.2 and basic properties of standard inner products to prove that Theorem 2.3 remains valid if we replace "vector field" by "unit vector field" , and Theorem 2.5 remains valid if we replace "linearly independent" by "orthonormal". For p m + 1, let 
The result follows. (ii) is similar to (i).
Let p i be the ith prime number, i.e., p 1 = 2, p 2 = 3, p 3 = 5, etc. Let n = p From Corollary 2.6, we know that the number of linearly independent complex vector fields on S(C n ) is at most half the number of linearly independent real vector fields on S(R 2n ), and the number of linearly independent quaternionic vector fields on S(H n ) is at most half the number of linearly independent complex vector fields on S(C 2n ). The main result of this section is the following theorem , which gives an explicit relationship between the number of linearly independent complex vector fields on S(C 2n ) and the number of linearly independent quaternionic vector fields on S(H n ).
Then m is the smallest integer such that n is not a multiple of c H m+1 . From [9] , c for each k 1, see [2] , then ρ C (C 2n ) is odd. Consequently, by Corollary 2.6, ρ C (C 2n ) is either equal to 2m + 1 or to 2m + 3.
In the following table, we give the values of ρ R (R 4n ), ρ C (C 2n ), and ρ H (H n ) for some values of n.
Construction of vector fields on spheres
The construction of ρ R (R n ) linearly independent real vector fields on S(R n ) is well understood, for constructions using Clifford algebras see [11] , and for constructions using combinatorial methods see the recent work of Ognikyan [7] . The situation is completely different with complex and quaternionic vector fields; there is no explicit constructions that gives two or more linearly independent complex vector fields on S(C n ) and there is no known construction that gives even a single quaternionic vector field on S(H n ). In fact, the only known complex vector field on S(C n ) is the one given in Example 2.4. From Theorem 2.5, we know that one can use m linearly independent complex (respectively, quaternionic) vector fields to obtain 2m linearly independent real (respectively, complex) vector fields. So, it is natural to ask if, in some way, it is possible to use linearly independent real (respectively, complex) vector fields to build some linearly independent complex or quaternionic (respectively, quaternionic) vector fields.
In the following theorem, we give necessary and sufficient conditions on linearly independent real (respectively, complex) vector fields to be linearly independent complex or quaternionic (respectively, quaternionic) vector fields. For simplicity, let
H , and for each t ∈ {i, j, k}, let r H,t = r H • α t • r Proof. Follows directly from Theorem 2.5.
In [3] , Becker solved several important cases of the equivariant real vector fields problem, both the maximal number and the construction, on spheres with free group action by using the known Clifford algebras constructions of the non-equivariant real vector fields on spheres. As noted in [6] and [8] , both sides of the equivariant complex and quaternionic vector fields problem on spheres with free group action is still completely open. By using a method similar to that used by Becker, the construction of the non-equivariant complex and quaternionic vector fields on spheres might lead to the solution of the equivariant complex and quaternionic vector fields problem on spheres with free group action.
